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Abstract In this study the gravitational gradient changes caused by faulting on a finite
rectangular plane buried in a homogenous half-space are computed using an analytical
model which is a function of fault parameters. The sensitivity analysis of the analytical
model with optional parameters revealed that the model is sensitive to the most of the fault
parameters such as slip, depth, dip and is not sensitive to the strike. Also the results show
that the model is sensitive to the length and the width of the fault. Moreover, the gravi-
tation and gravitational gradient changes for the case of the Maule earthquake on 27
February 2010 are directly computed by GRACE observations without need to fault
parameters information. Since the high-frequency contents in gravitational field variation
can be amplified by deriving the gravitational gradients, the GRACE-derived coseismic
gravitational gradient changes clearly delineate the fault lines and better define the extent
of the coseismic deformation.
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1 Introduction
Modeling of crustal deformation and exploring the physical impact of this phenomenon is
one of the most popular subjects in a ground science particularly in geodesy and geo-
physics. Numerous studies have been undertaken by many scientists to study co-seismic
deformation in a half-space Earth model, a spherical earth model, and even a 3D earth
model. For a half-space earth model, Steketee (1958), Maruyama (1964) and Okada
(1985), etc. presented analytical expressions for calculating the surface displacement, tilt,
and strain resulting from various dislocations. Especially, Okada (1985) summarized
previous studies and presented a complete set of analytical formulae for calculating these
geodetic deformations. One of the analytical models of computing the gravitational
changes due to deformation was presented by Okubo model (Okubo 1991). Okubo (1991)
computed gravitational potential changes in a homogenous elastic half space for a point
dislocation. He developed his theory to rectangular fault in a half space and computed
gravitational potential and gravity changes in the form of fault parameters. Okubo (1992)
proposed closed-form expressions to describe potential and gravity changes resulting from
dislocations. Because of their mathematical simplicity, these formulations (e.g., Okada
1985; Okubo 1992) have been widely applied to study seismic faults. All of the mathe-
matical models explained above were developed for a deformed earth surface because most
traditional gravity measurements are performed on the earth surface. However, advances in
modern geodetic techniques, such as GPS, InSAR, altimetry, and GRACE enable better
detection of co-seismic deformations such as displacement, gravity change, and strain.
One of the observations resources for comparison to geodynamic models are gravity
observations. Earthquake causes redistribution of mass and gravity changes. Some part of
this change is due to hydrology and the main part is due to tectonic motion. Changes of
gravity field can be detected by observation of the gravity field at different times.
Coseismic deformations observed on the Earth surface or modeled by conventional dis-
location theory can be compared directly with those observed by gravity satellite missions.
Satellite measurements of time-variable gravity field are new data type, capable to mod-
eling and detecting global mass transfers within the Earth. Such a global mass redistri-
bution may lead to significant changes in the Earth’s gravity field that is detectable by
gravimetric satellites. However, the regional mass transfer such as localized tectonic
processes due to earthquake and volcano, can have an indicative influence on gravity fields
that may be sensed by GRACE (Ogawa and Heki 2007; Han et al. 2010, 2013; Heki and
Matsuo 2010; Linage et al. 2009).
In this study the analytical model of Okubo (1992) is used which computes the gravity
changes due to a dislocation on a rectangular fault plane within an elastic, isotropic and
homogenous half-space. The formulation of that model is expanded to compute the
gravitational gradient changes due to a fault in an elastic and homogenous half space. Also
a sensitivity analysis is applied to analytical model to show that the model is sensitive to
the fault parameters and is comparable with observations. Moreover, we infer the full
gravitational gradient tensor from the GRACE Stokes coefficients by taking the second
derivatives of the gravitational potential in a given orthogonal coordinate system without
any required information about fault parameters, and apply these quantities to compare
with analytical model and discuss the coseismic deformation resulting from the Maule
Chilean undersea earthquakes. With the emphasis on the high-frequency components
resulting from the second derivatives of the potential, the coseismic gravitational gradient
changes delineate more clearly the rupture line, and reveal refined mass redistribution
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features caused by the earthquakes. In addition, some of the gradient components, which
are inherently less vulnerable to GRACE stripe errors, help to refine the edges of the mass
anomaly.
2 Data and processing
2.1 Gravitational gradient changes using analytical model
Let’s first discuss the displacement field u~ caused by a point dislocation buried in a
homogeneous, isotropic and perfectly elastic half-space of density q. In Fig. 1, a left-hand
Cartesian frame is defined in the way that the x1ox2 plane spans the surface of the half-
space with x3-axis pointing perpendicularly downwards. A point dislocation source is
buried at ð0; 0; n3Þ in the half-space. The point source can be considered as an infinitesimal
fault of area d
P
having the normal direction n~¼ ðn1; n2; n3Þ. The dislocation on this
infinitesimal fault plane is represented by a vector Du~¼ ðDu1;Du2;Du3Þ.
Usually, it is not enough to just use an infinitesimal point dislocation to approximate the
effect by a fault plane of finite size. Having described the half space on a point dislocation,
let us turn to a more realistic source model with the uniform dislocation on a rectangular
fault. How well the gravitation change due to a finite fault can be approximated by using a
point dislocation depends on the distance between observation point and the dislocation
source, as well as the size of the actual fault. Figure 2 shows a finite rectangular fault plane
with its length, width, depth and dip angle of L, W , d, and d respectively. As indicated by
the red arrows in Fig. 2, the dislocation on this fault plane has the along-strike, down dip
and tensile components of U1, U2 and U3 respectively. Under the Cartesian frame x1; x2; x3,
the dislocation can be represented by a vector DU~:
DU~ ¼ ðU1; U2 cos d  U3 sin d;U2 sin d  U3 cos dÞ ð1Þ
and the normal vector of the fault plane is n~¼ ð0; sin d; cos dÞ.
The gravitational gradients are the 2nd derivatives of the gravitational potential. Thus,
gravitational gradient changes due to dislocation on a rectangular fault at a fixed point
outside the half-space (x 0) can be calculated by applying various second order differ-
ential operators to the gravitational potential change:
Fig. 1 Point dislocation source
buried in a half-space (Okubo
1992)
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DTijðx1; x2; 0Þ ¼  o
2
oxioxj
DWðx1; x2; 0Þ ¼  Gq U1Sijðn; gÞ þ U2Dijðn; gÞ þ U3Tijðn; gÞ
 
þ GDqU3Cijðn; gÞ
 ði; j ¼ 1; 2; 3Þ ð2Þ
ðSij; Dij; Tij; CijÞ ¼ o
2
oxioxj
ðS; D; T ; CÞ ð3Þ
where DW is a total potential change, G is the gravitational constant, S, D and T are terms
related to the potential changes caused by U1, U2 and U3 dislocation components
respectively, and C takes into account the attraction of the mass intruding into the cavity
formed by tensile opening.
The expressions of these components are listed in Appendix 1.
2.2 Gravitational gradient changes using GRACE coefficients
The geopotential coefficients of monthly gravity data of Level-2 which are consist of
complete sets of spherical harmonic (Stokes) coefficients computed by Center Space
Research (CSR05) have been used in this research. These coefficients have been fully
normalized to degree and order 60, corresponding to the spatial resolution of 300 km and
above (Tapley et al. 2004). A total of 45 monthly gravitational field solutions covering the
time period from 2008 January to 2011 December are used. The Stokes coefficients Cnm,
Snm of each monthly field are then used to compute monthly gravitational gradients in
spherical coordinate. Since the local gravitational gradient changes are of interest here, the
local north-east-down (NED) frame at a point with spherical coordinates (r, h, k) is
introduced: the x-axis is directed to the north, the y-axis to the east and the z-axis
downwards. The full gravitational gradient tensor (second derivatives of the gravitational
potential) in this local NED frame is represented in Eshagh (2009) and Eshagh and
Abdollahzadeh (2012).
Because of the correlated errors in the high-frequency components of GRACE data, ‘de-
striping’ and filtering techniques are commonly applied to obtain estimates of the time-
variable signals.
Fig. 2 Geometry of fault model
(Okubo 1992)
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To remove this drawback, we use Gaussian filter with radius of 350 km (Wahr et al.
1998) which is necessary to reveal the fine pattern caused by the earthquake. Atmospheric
pressure variations, ocean tides, and barotropic ocean signals have been removed by means
of three models, the European Centre for Meteorological Weather Forecasting (ECMWF)
model, the Finite Element Solution 2004 model (FES2004) (Lyard et al. 2006) and the
MOG2D-G barotropic (Carrere and Lyard 2003) model respectively. To suppress the
contamination from seasonal variations and extract the coseismic signals, we compute the
difference of two 2-year mean gravitational gradient fields before and after the earthquakes
(Wang et al. 2012b; Chen et al. 2007). The mean gravitational gradient field before the
earthquakes is obtained by averaging 26 monthly solutions from 2008 January to 2010
February, and the mean field after the event is computed by taking the mean of 19 monthly
solutions from 2010 March to 2011 December (the data of some months are not available),
so that this mean field contains deformation signals from the earthquake. The coseismic
gravity and gravitational gradient changes were then extracted by computing the difference
between these two mean fields before and after the earthquake. In this way, the GRACE
coefficients contain the coseismic signals associated with the 2010 Maule event.
It is emphasized that there are some uncertainties in our observational data. They
emanates from a superposition of errors from different sources, whose separation is dif-
ficult. In situ hydrological and hydro-meteorological observations, under certain condi-
tions, facilitate the identification of different uncertainty types, and the quantification of
their contribution to the overall error budget (Riegger et al. 2012). Riegger et al. (2012)
assessed monthly GRACE solutions, hydrological and hydro-meteorological data, and their
respective combinations to ascertain their uncertainties. They identified, removed, and
replaced Unphysical outliers in GRACE data which leads to a significant increase (up to
70 %) in correlation with hydrological and hydro-meteorological data, and also a sizeable
reduction (up to 40 %) in noise level. On further statistical analysis, they identified
physical signals that neither have hydrological nor hydro-meteorological character in the
GRACE data at the residual level which they have a strong latitudinal dependence in
particular equatorials region where our case study is not located.
2.3 Sensitivity analysis
Here, we analyze the sensitivity of our model to fault parameters, i.e., fault dip, depth, slip,
strike, length and width. For this purpose, two artificial fault planes, which have strike of
90 and different rake based on lateral or thrust Maule fault (0 or 90) is placed parallel to
Chile trench. A rectangular fault plane with length L ¼ 150 km and width W ¼ 150 km is
used similar to a violent earthquake with large fault which the top edge of the fault plane is
fixed at a depth of 5 km. Poisson’s ratio is assumed to be 0.25, and density of the medium
is assumed to be 2670 kg/m3, consistent with the average density of Earth’s crust.
Wang et al. (2012b) have shown spectrum structure of the earthquake deformation and
the related gravity and gravitational gradient changes. They plotted the percentage of the
total signal energy as a function of spherical harmonic degree. They have shown that the
total signal energy has a high value to a spherical harmonic degree 25 and after that degree,
signal energy limits to the 0 so this means that its energy is to 150 km wave length so the
fault length and width are allowed to take values of 10, 50, 100, 150 and 250 km. For each
length and width values, the seismic gravitational gradient changes are computed. Figure 3
shows the calculated changes for left-lateral and thrust fault. It can be seen that with
increasing length and width to 100 km, the gravitational gradient changes have a smooth
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trend and vary with length but from 100 km and above, the changes would be constant.
This case is similar to all the components of gravitational gradient tensor, as well as left-
lateral and thrust fault (Fig. 3).
In the next case, the fault slip is allowed to take values of 5, 10, 15, 20 and 25 m.
Figure 4 provides a map view to further illustrate the sensitivity of gravitational gradient
changes for left-lateral and thrust fault slip. It can be seen that with increasing slip, the
gravitational gradient changes have a linear trend and increase. This case is similar to all
the components of gravitational gradient tensor, as well as left-lateral and thrust fault. As it
is shown in this figure, fault slip creates a high effect on gravitational gradient changes so
this parameter provides a constraint on the fault plane.
In other example, we test the model sensitivity to fault depth. The depth of the top edge
of the fault varies from 5 to 35 km. Figure 5 shows the calculated gravitational gradient
changes for left-lateral and thrust fault depth. As could be seen in this figure, with
increasing slip, the gravitational gradient changes have a non-linear trend and decrease.
This case is similar to all the components of gravitational gradient tensor, as well as left-
lateral and thrust fault.
In other case, the sensitivity of the model is tested to the fault strike. The strike angle of
the fault plane takes values from 0 to 90. Figure 6 shows the gravitational gradient
changes for left-lateral and thrust fault similar to previous case with increasing strike angle.
Fig. 4 The gravitational gradient changes which slip of the fault plane varies from 5 to 25 m by left-lateral
fault (left bar chart) and thrust fault (right bar chart) (in unit of mE)
Fig. 3 The gravitational gradient changes which length and width of the fault plane varies from 10 to
250 km by left-lateral fault (left bar chart) and thrust fault (right bar chart) (in unit of mE)
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As can be seen from Fig. 6, the gravitational gradient changes do not vary with increasing
strike angle. This result is similar to left-lateral and thrust fault. As a result, the strike
information from other models or observations should be used in order to invert desired
model for other fault parameters.
In a last case, the fault dip is allowed to take values of 0, 30, 45, 60 and 90. Figure 7
shows the gravitational gradient changes for left-lateral and thrust fault with increasing dip
angle of the fault plane. As can be seen in this figure, contrary to the previous case, the
behavior of the left-lateral and thrust fault is different with changing dip angle. Also the
behavior of each components of the gravitational gradient tensor is different. Moreover,
this parameter similar to the slip, has a high effect on gravitational gradient changes.
The result of the sensitivity analysis revealed that the model is sensitive to the most of
the fault parameters such as slip, depth, dip and is not sensitive to the strike. Also the
results show that length and width of fault to a certain level have sensitivity to the
model. Also the behavior of each parameter except dip is similar for left-lateral and
thrust fault. Moreover, the behavior of each of the components of gravitational gradient
tensor is similar except for dip parameter. Moreover changing the dip and slip param-
eters have a more influence on gravitational gradient change in comparison with other
parameters.
Fig. 5 The gravitational gradient changes which depth of the fault plane varies from 5 km to 35 m by left-
lateral fault (left bar chart) and thrust fault (right bar chart) (in unit of mE)
Fig. 6 The gravitational gradient changes which strike of the fault plane varies from 0 to 90 by left-lateral
fault (left bar chart) and thrust fault (right bar chart) (in unit of mE)
Acta Geod Geophys (2016) 51:643–658 649
123
3 Numerical results and case study
The Saturday, February 27, 2010 at 06:34:14 UTC Maule Chilean earthquake, which was
caused by the subduction of the Nazca plate underneath the overlying South America plate,
is the sixth largest event in the seismic record. The Mw 8.8 Maule earthquake permanently
changed the mass distribution within the Earth and consequently its gravitational potential,
which can be observed with temporal and spatial resolutions of a month and several
Fig. 7 The gravitational gradient changes which dip of the fault plane varies from 0 to 90 by left-lateral
fault (left bar chart) and thrust fault (right bar chart) (in unit of mE)
Fig. 8 Surface projection of the slip distribution superimposed on Maule (USGS)
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hundred km, respectively, using data from the GRACE satellite mission (Wang et al.
2012a) so the finite fault model for the Maule earthquake are used to predict the coseismic
gravity and gravitational gradient changes. Figure 8 shows the fault planes in Maule.
Figure 9 shows time series of three components of gravitational gradient changes
(T22; T33 and T23) from GRACE observations when the concentration centers (earthquake
centers) are located at (u ¼ 35:5 and k ¼ 72:5 ) and (u ¼ 35:5 and k ¼ 69:5 )
respectively for expansion and contraction region (Fig. 10). These time series are applied
for two sides of fault plane from January 2003 to July 2014.
Those gravitational gradient changes that are obtained in March 2010, are illustrated
after correction of seasonal effects to extract the coseismic signals. As can be seen in these
figures, it is clear that these positive and negative changes (it means there are extension and
contraction area in fault region which have been due to increased or decreased density) are
corresponding to the earthquake signals. Moreover, the significant gravitational gradient
variations (about -1.04 and 1.02 mE) have been occurred in two opposite sides of the fault
plane after the earthquake (step function is shown with red line) and could be the result of
rapture on corresponding fault segments.
Fig. 9 Time series of gravitational gradient variations from January 2003 to July 2014 after correction of
seasonal effects in March 2010 at a point with u ¼ 35:5 and k ¼ 72:5 (top figure) and u ¼ 35:5 and
k ¼ 69:5 (down figure)
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It is necessary to mention that the coordinate systems for derivation of gravity and
gravity gradient change from the analytical model and GRACE observations are not
similar to each other. Actually, their x-axis has rotated by the strike angle. This angle are
valuated as an unknown fault parameter by comparing the gravity change in two coordinate
system (Fig. 10) In order to estimate this angle, the genetic algorithm is used in this
research. We can use a nonlinear model as:
Fig. 10 Gravitational gradient changes by GRACE (left column), analytical model (right column) (in unit
of mE)
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L ¼ FðdÞ ð4Þ
in which L are observations and F is a function of d which is strike angle of the fault. The
selected criterion for measuring chromosome in genetic algorithm is chosen as:
Ri ¼ L~i  F~ðdiÞ



 ð5Þ
in which Ri is residual norm between observations and model. The initial fault parameters
for proposed model in adopted from data of USGS. The result shows that the strike angle
which is the rotation between two systems is about 13.
Here we compute the gravitational gradient changes and use it to discuss about the co-
seismic deformation resulting from the Maule earthquake. Figure 10 shows the gravita-
tional gradient change components such as T22, T23, and T33 following the 2010 Maule
earthquake using GRACE (spherical harmonic coefficients) and analytical model (fault
parameters). The peak value in the negative signal on the land from GRACE observations
is about 0.03 mE and the maximum positive signal is about 0.01 mE in the ocean. Sim-
ilarly, the peak value in the negative signal on the land from analytical model is about
0.04 mE and the maximum positive signal is about 0.01 mE in the ocean. The positive
signal in the ocean due to sea-floor uplift is only about 0.01 mE at GRACE spatial reso-
lution; this is close to the GRACE error level. Due to the overall of these uncertainties of
gravitational gradient changes, we state that the GRACE observations shown in Fig. 10
resolve almost all the negative signals on land caused by the Maule earthquake, while the
detected positive signals over the ocean qualitatively correspond to seafloor uplift, but
should not be quantitatively applied in the inversion. Since the high-frequency contents in
gravitational field variation can be amplified by deriving the gravitational gradients, the
GRACE-derived co-seismic gravitational gradient changes clearly delineate the fault line,
locate significant slips, better define the extent of the co-seismic deformation and reveal
refined mass redistribution features caused by the earthquake (Wang et al. 2012b).
As is shown in the above figures, gravitational gradient changes for T22; T33 and T23
components have computed 0.03, 0.06 and 0.04 mE respectively using GRACE obser-
vations, also these variations using analytical model have computed 0.05, 0.05 and
0.06 mE respectively that shows there is good accordance between the results of two
approaches. The discrepancy observed in values of these results may be explained by the
difference between considered surfaces in these approaches, because the results with
GRACE have related to the actual Earth which has a rough topography while the results of
analytical model assume the plane shape of Earth’s surface.
In order to investigate whether GRACE observations can provide constraints for fault
inversion, a further analyze with a nonlinear inversion technique is applied (see Eq 4 which
is used for strike parameter). In this case, the genetic algorithm is used to simultaneously
invert for the fault parameters such as depth, dip and average slip using gravitational
gradient changes observable from GRACE. In order to further investigate parameter
uncertainties induced by GRACE observation errors, we also use the lower and upper
bounds of a posteriori error estimates for the GRACE observations to invert for fault-plane
depth, dip and average slip. The ultimate optimal estimate for fault depth, dip and slip are
24.6 km, 15, and 8 m respectively. Our results have compared with existing slip models
obtained by various constraints or via inversion of observations, including uplifted/sub-
sided biomarkers, teleseismic data, InSAR, GPS, and tsunami observations. Comparison
has shown good accordance so we conclude that the GRACE-derived amplitude can be
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used to constrain the fault parameters of the Maule earthquake, and these are not dis-
cernibly different from the amplitudes derived by analytical model.
4 Conclusion
In this study the gravitational gradient changes caused by faulting on a finite rectangular
plane buried in a homogenous half-space have been computed using an analytical model
which is a function of fault parameters. Also the components of this tensor have been
determined for faults with different dip angles. The results have been showed the amplitude
of gravitation and gravitational gradient changes for a thrust fault is more than strike-slip
fault. These results did not change with increasing the dip angle of the fault. Also the T33
component has the most gravitational gradient changes among the other components.
Moreover, gravity and gravitational gradient changes using GRACE observations have
been computed for 2010 Chile, Maule earthquake without any required information about
fault parameters. The results have been compared to analytical geodynamic model.
Gravitational gradient changes for T22; T33 and T23 components have been computed 0.03,
0.06 and 0.04 mE respectively using GRACE observations, also these variations using
analytical model have been computed 0.05, 0.05 and 0.06 mE respectively which
demonstrate a good agreement between GRACE observations and analytical models in
computed gravitation and gravitational gradient changes.
Appendix 1: Gravitational gradient change caused by fault
S12ðn; gÞ ¼  sin d sec2 d oI0ox1  ðq sec d  x3Þ sec d
o2I0
ox1ox2
þ 2 tan2 d oI1
ox2
þ 2n tan2 d o
2I1
ox1ox2
 yn tan d
R3
ðA1Þ
S13ðn; gÞ ¼  nq sin d
R3
þ nq
2ð2R þ gÞ cos d
R3ðR þ gÞ2 ðA2Þ
S22ðn; gÞ ¼ 1
R
 y
2
R3
 
tan d  2 oI0
ox2
sin d sec2 d  q o
2I0
ox22
sec2 d þ 2n o
2I1
ox22
tan2 d ðA3Þ
S23ðn; gÞ ¼ sin
2 d
R
 2q sin d cos d
RðR þ gÞ 
yq sin d
R3
þ yq
2ð2R þ gÞ cos d þ R2q2 cos2 d
R3ðR þ gÞ2 ðA4Þ
S33ðn; gÞ ¼ sin d cos d
R
þ qðsin
2 d  cos2 dÞ
RðR þ gÞ þ
dq sin d
R3

dq2ð2R þ gÞ cos d þ R2q2 sin d cos d
R3ðR þ gÞ2 ðA5Þ
D12ðn; gÞ ¼  tan d oI0ox2  n tan d
o2I0
ox1ox2
 2 sin d tan d oI1
ox1
 2q tan d o
2I1
ox1ox2
 sin d
R
þ yq
R3
ðA6Þ
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D13ðn; gÞ ¼  q
d
R3
 q sin d
RðR þ gÞ ðA7Þ
D22ðn; gÞ ¼  2y sin d þ q
RðR þ nÞ þ
y2qð2R þ nÞ
R3ðR þ nÞ2  n
o2I0
ox22
tan d  4 oI1
ox2
sin d tan d  2q o
2I1
ox22
tan d
ðA8Þ
D23ðn; gÞ ¼ 2
d sin d
RðR þ nÞ þ
n sin2 d
RðR þ gÞ 
qdyð2R þ nÞ
R3ðR þ nÞ2 ðA9Þ
D33ðn; gÞ ¼ y sin d þ
d cos d
RðR þ nÞ þ
n sin d cos d
RðR þ gÞ þ
qd2ð2R þ nÞ
R3ðR þ nÞ2 ðA10Þ
T12ðn; gÞ ¼ tan2 d oI0ox2 þ n
o2I0
ox1ox2
 
þ 2 tan2 d sin d oI1
ox1
þ q o
2I1
ox1ox2
 
þ 2 sin d oI2
ox1
þ q o
2I2
ox1ox2
 
þ C12ðn; gÞ ðA11Þ
T13ðn; gÞ ¼ qy
R3
 2q cos d
RðR þ gÞ þ
qn2ð2R þ gÞ cos d
R3ðR þ gÞ2 ðA12Þ
T22ðn; gÞ ¼ n o
2I0
ox22
tan2 d þ 2 2 oI1
ox2
sin d þ q o
2I1
ox22
 
tan2 d þ 2 2 oI2
ox2
sin d þ q o
2I2
ox22
 
þ C22ðn; gÞ
ðA13Þ
T23ðn; gÞ ¼  2q
RðR þ nÞ þ
qy2ð2R þ nÞ
R3ðR þ nÞ2 þ
nqyð2R þ gÞ cos d þ nqR2 cos2 d
R3ðR þ gÞ2 ðA14Þ
T33ðn; gÞ ¼ g
RðR þ nÞ þ
n
RðR þ gÞ 
qdyð2R þ nÞ
R3ðR þ nÞ2 
nq dð2R þ gÞ þ R2 sin d½  cos d
R3ðR þ gÞ2
ðA15Þ
C12ðn; gÞ ¼  cos d
R
 q sin d
RðR þ gÞ ðA16Þ
C13ðn; gÞ ¼ sin d
R
 q cos d
RðR þ gÞ ðA17Þ
C22ðn; gÞ ¼ 2
d sin d  g
RðR þ nÞ þ
n sin2 d
RðR þ gÞ ðA18Þ
C23ðn; gÞ ¼ y sin d þ
d cos d
RðR þ nÞ þ
n sin d cos d
RðR þ gÞ ðA19Þ
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C33ðn; gÞ ¼  2
d sin d  g
RðR þ nÞ þ
n cos2 d
RðR þ gÞ ðA20Þ
oI0
ox1
¼ n
R
1
R þ g 
sin d
R þ d
 
ðA21Þ
oI0
ox2
¼ y þ R cos d
RðR þ gÞ 
y sin d
RðR þ dÞ ðA22Þ
o2I0
ox1ox2
¼  nðR cos d  qÞð2R þ
dÞ
R3ðR þ dÞ2 þ
n cos d
R2ðR þ dÞ 
qnð2R þ gÞ sin d
R3ðR þ gÞ2 ðA23Þ
o2I0
ox22
¼ qyð2R þ
dÞ  R2ðR sin d þ gÞ
R3ðR þ dÞ2 
qyð2R þ gÞ sin d  R2ðR sin d þ dÞ sin d
R3ðR þ gÞ2 ðA24Þ
oI1
ox1
¼  g cos d
2RðR þ dÞ 
q2 cos d
2RðR þ gÞðR þ dÞ þ
qð1  sin dÞ
2ðR þ gÞðR þ dÞ ðA25Þ
oI1
ox2
¼ n
2RðR þ dÞ 
n sin d
2RðR þ gÞ ðA26Þ
o2I1
ox1ox2
¼ 1
2RðR þ dÞ 
n2ð2R þ dÞ
2R3ðR þ dÞ2 
sin d
2RðR þ gÞ þ
n2ð2R þ gÞ sin d
2R3ðR þ gÞ2 ðA27Þ
o2I1
ox22
¼ nðyð2R þ gÞ þ R
2 cos dÞ sin d
2R3ðR þ gÞ2 
nyð2R þ dÞ
2R3ðR þ dÞ2 ðA28Þ
oI2
ox1
¼ q
2RðR þ gÞ ðA29Þ
oI2
ox2
¼ 
d
2RðR þ nÞ 
n sin d
2RðR þ gÞ ðA30Þ
o2I2
ox1ox2
¼
d
2R3
 sin d
2RðR þ gÞ þ
n2ð2R þ gÞ sin d
2R3ðR þ gÞ2 ðA31Þ
o2I2
ox22
¼
dyð2R þ nÞ
2R3ðR þ nÞ2 þ
n sin dðyð2R þ gÞ þ R2 cos dÞ
2R3ðR þ gÞ2 ðA32Þ
if cos d ¼ 0
S12ðn; gÞ ¼ n sin
2 d
2RðR þ dÞ 
ðg sin d þ q cos dÞn sin2 d
2RðR þ dÞ2 
nðR sin d þ q cos dÞ sin2 d
R2ðR þ gÞ
þ nqðy þ R cos dÞð2R þ gÞ sin
2 d
R2ðR þ gÞ2 
nqyð2R þ dÞ sin d
2R3ðR þ dÞ2 þ
nqgyð3R þ dÞ sin2 d
2R3ðR þ dÞ3
ðA33Þ
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D12ðn; gÞ ¼  sin d
R
þ qy
R3
ðA34Þ
T12ðn; gÞ ¼ 2 oI2ox1 sin d þ 2q
o2I2
ox1ox2
þ R cos d þ y sin d
2RðR þ dÞ 
n2 cos d þ gy
2RðR þ dÞ2
 !
 n
2yð2R þ dÞ sin d
2R3ðR þ dÞ2 þ
n2gyð3R þ dÞ
2R3ðR þ dÞ3
ðA35Þ
S22ðn; gÞ ¼  2y sin d þ qð Þ sin
2 d
RðR þ gÞ þ
y sin2 d
2RðR þ dÞ 
Rg sin2 d þ qy	 
y sin d
2R2ðR þ dÞ2
 ðg sin d  R 
dÞ sin d
2RðR þ dÞ2 y sin d þ q 
qy2ð3R þ dÞ
R2ðR þ dÞ
 
þ qy
2ð2R þ gÞ sin2 d
R3ðR þ gÞ2
ðA36Þ
D22ðn; gÞ ¼  2y sin d þ q
RðR þ nÞ þ
qy2ð2R þ nÞ
R3ðR þ nÞ2 ðA37Þ
T22ðn; gÞ ¼ o
2C
ox2
þ 2 oI2
ox2
sin d þ 2ðq þ sin dÞ o
2I2
ox22
þ nR sin d
2R2ðR þ dÞ
 ng
2RðR þ dÞ2 
ny2ð2R þ dÞ sin d
2R3ðR þ dÞ2 þ
ngy2ð3R þ dÞ
2R3ðR þ dÞ3
ðA38Þ
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